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Abstract 

Let X — > P n be a 2n-dimensional projective holomorphic symplectic 
manifold admitting a Lagrangian fibration over P n . Matsushita proved 
that the fibration can be deformed in a codimension one family in the 
moduli space Dei(X) of deformations of X. We extend his result by 
proving that if the Lagrangian fibration admits a section, then there is a 
codimension two family of deformations which also preserve the section. 

1 Introduction 

Let X be a 2n-dimensional compact Kahler manifold. We say X is a holomorphic 
symplectic manifold if it admits a closed two-form a of type (2, 0) which is non- 
degenerate in the sense that c An trivializes the canonical bundle Kx = Q 2n ■ 
Moreover, we call X irreducible if H°(X, il 2 ) is one-dimensional and generated 
by [a]. Huybrechts' notes in [7] provide a comprehensive introduction to the 
standard results on irreducible holomorphic symplectic manifolds. 

Let us summarize what is known about fibrations on X. Suppose we have a 
proper (holomorphic) surjection / : X — > B onto a complex space B such that 
the general fibre is connected and < dimi? < 2n. If X is projective and B is 
a normal variety then Matsushita E3 showed that 

• every irreducible component of a fibre of / is a (holomorphic) Lagrangian 
submanifold of X; in particular, it is n-dimensional, 

• the generic fibre is an abelian variety, 

• B is n-dimensional and has only Q-factorial log-terminal singularities, 

• Kg is ample and B has Picard number one. 

•2000 Mathematics Subject Classification. 53C26; 14D06; 14J60. 
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Moreover, if B is smooth then it has the same Hodge numbers as P™ (see [llj). 
In particular, for n = 2 the base is isomorphic to P 2 (a similar result was obtain 
by Markushevich In general it is expected that B should be isomorphic to 
P™, and more evidence is provided by a result of Cho, Miyaoka, and Shepherd- 
Barron [3j which states that if / : X — ► B admits a section (or even local 
sections) then B = P™. Huybrechts Proposition 24.8] extended some of these 
results by dropping the projectivity assumption: he showed that if X and B are 
(smooth) Kahler manifolds then 

• every fibre of / is (holomorphic) Lagrangian, 

• every smooth fibre is a complex torus, 

• B is 7i-dimcnsional and projective, 

• Kg is ample and its Picard and second Betti numbers both equal one. 

In this paper we consider deformations of / : X — > B. It is known that the 
Kuranishi space Dei(X) of deformations of X is a smooth complex manifold 
of dimension 62 — 2, where 62 is the second Betti number of X. Under the 
assumptions that X is projective and B = P n , Matsushita ^I] proved that 
there is a codimension one submanifold of Dcf(X) parametrizing deformations 
of X which are Lagrangian fibrations over P™ . We include a proof of this result 
in Section 3 in order to set-up our notation. Our main result is Theorem |SJ we 
prove that if X is projective and / : X — > B admits a section, then there is a 
codimension two submanifold of Def (X) parametrizing deformations which are 
Lagrangian fibrations and admit sections. 

Let X' be an arbitrary irreducible holomorphic symplectic manifold. Can 
X 1 be deformed to a Lagrangian fibration? The answer in general is unknown. 
However, the question has been answered in the affirmative for all known ex- 
amples of irreducible holomorphic symplectic manifolds: see Beauville |2j for 
the Hilbert schemes of points on a K3 surface, Debarre 0] for the generalized 
Kummer varieties, and Rapagnetta ^2] f° r O 'Grady's examples. 

The author would like to thank Akira Fujiki, Daniel Huybrechts, and Daisuke 
Matsushita for useful conversations. Thanks also to Ryushi Goto for the invi- 
tation to Japan where this result was obtained. The author is support by NSF 
grant number 0305865. 

2 Some preliminaries 

We collect together some results that we will need later. 

Theorem 1 (Matsushita [llj) Let f : X — > B be a Lagrangian fibration 
between smooth projective manifolds. Then 
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Let X be a projective irreducible holomorphic symplectic manifold which ad- 
mits a Lagrangian fibration / : X — ► P™ over projective space. Let L := f*0(l) 
be the pull-back of the hyperplane line bundle to X. We can use Theorem ^ to 
calculate the cohomology of L. 

Lemma 2 For (X, L) as above 

h°(X,L) := dimH°(X,L) = n + l 

and all higher cohomology of L vanishes. 

Proof The Leray spectral sequence gives 

fr(P n , R j f*L) => R i+j (X, L). 

On the left hand side 

R?UL = R?U{fO{l)) 
s 0(l)®l4» 



by the projection formula and Theorem^ We can therefore use Bott's general- 
ization of the Borel-Weil theorem |S] to calculate the spectral sequence, finding 

H i (P n ,0(l)®^«) - C " +1 

when i = j = 0, and vanishes otherwise. Therefore the sequence collapses, and 
the lemma follows. □ 

Remark The proof of the lemma relies on two important assumptions: that the 
base of the fibration is P™ and that X is projective (note that the projectivity 
of X is crucial for Theorem QJ. 

We need to know how the cohomology of a line bundle behaves in a family. 

Theorem 3 (Grauert and Remmert [6 , page 210) Let X — + A be a de- 
formation of a complex manifold X — Xq, where A is a poly disc of some di- 
mension around 0. Let V be a vector bundle on X , with restriction Vt to each 
X t . Then for i > 0, 

h l {X u V t ) :=dim^{X u Vt) 
is an upper semi-continuous function oftEA. In other words 

A l4 := {t e A|ft*(Ai, V t ) > d} 



is a closed analytic subset of A for each integer d. 
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3 Deforming fibrations 

Let X be an irreducible holomorphic symplectic manifold of dimension In. For 
the following statements, see Section 22 of Huybrechts' notes in |7|. Denote by 

X -> (Def(X),0) 

the Kuranishi family parametrizing local deformations of X = Xq. We think 
of (Def(X),0) as the germ of a complex space. It is smooth (deformations are 
unobstructed) of dimension 62 — 2, where 62 is the second Bctti number of X . 
Note that when we deform X as a complex manifold it remains holomorphic 
symplectic and irreducible; for small deformations it also stays Kahler. 

The germ (Def(X),0) can be represented by a contractible open set, and 
therefore for each t e Dei(X) we can choose an isomorphism 

i/H :H 2 {X t ,Z) -^H 2 (X,Z) 

known as a marking. Let 

Qx ■= {[a] E P(H 2 (X,C))| 9x (a) =0 and q x (a + a) > 0} 

be the period domain of X, where qx is the Beauville-Bogomolov quadratic 
form on H 2 (X,Z) ® C. Then by the Local Torelli Theorem (see Beauville [T]), 
the period map 

Vx : (Def(X),0) -> (Qx, [a]) 

which takes t to [(ipt <8> C)(<Jt)] is a local isomorphism. 
In this section we prove the following result. 

Theorem 4 (Matsushita Corollary 1.7) Let X be an irreducible pro- 

jective holomorphic symplectic manifold which admits a Lagrangian fibration 
f : X — > P™ over projective space. There is a codimension one submanifold 
C Def(X) (containing zero) which parametrizes holomorphic symplectic 
manifolds X' which admit Lagrangian fibrations over ¥ n . 

Proof Let L :— f*0(l) be the pull-back of the hyperplanc line bundle to X . 
Then / is clearly given by the morphism 

4>l '■ X —> P(H°(X, L)*) 

induced by the linear system of L. Our aim is to extend L and this map to 
certain deformations of X . 

Let ci := ci(L) e H 2 (X, Z) n H l > l (X) be the first Chern class of L, and let 

A / := {t e Def(X)|V» t -1 (ci) € H 2 (A" t ,Z) is of type (1,1)}. 

If t G A-^, then f/; t ~ 1 (ci) is orthogonal to a t with respect to qx t , or equiva- 
lent^, c\ is orthogonal to (ipt ® C)(cr t ) with respect to qx- Therefore A' maps 
isomorphically to a neighbourhood of [a] in 

Q f x ■= {[a] G Qxkx(a,ci) = 0} 
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which is of codimension one in Qx- Hence A* must be codimension one in 
Defpf). 

The exponential exact sequence on X t gives 

. . . -> -» H 1 ^, 0*) -» H 2 (^, Z) 4 R 2 {X U O) -» . . . 

since H 1 (A' t ,C') vanishes. For t G A-' 7 , (ci) is of type (1,1) and so in the 
kernel of [3. It therefore comes from a unique holomorphic line bundle Ct G 
H 1 (A' t , 0*). Moreover, we can always choose a representative (U, 0) of the germ 
(Def(X), 0) such that U CiA? is connected and simply-connected, so there exists 
a line bundle C over X\^f, restricting to Ct on each fibre X t . 

By Theorem |3 h l (X t ,Ct) is an upper semi-continuous function of t G A-^. 
So for t in a neighbourhood of zero 

h\X u C t )<h\X ,C ). 

But the right hand side is h l (X, L), which by Lemma |3 is n + 1 for i = and 
zero otherwise. Therefore 

/i i (^ t) £ t ) = 
for i > 0. On the other hand, the Euler characteristic 

2n 

x(* t ,A) :=]T(-irw,£t) 

i=0 

is constant (it is given by the Hirzebruch-Riemann-Roch formula) and equal to 
x(X, L) = n + 1. Therefore 

h°(X t ,Ct)=n + l 

for all t in a neighbourhood of zero. The linear system of Ct therefore gives a 
map 

^:* t ^P(H°(*t>A)*)=P n . 
A priori <p t is only a rational map, so we must show that the linear system 
of Ct has no base-points. This follows since the specialization 

(j> L = f : X -> P(H°(X, L)*) = P" 

is a morphism and thus has no base-points. More specifically, we can extend a 
basis {so, ■ ■ • , s n } of sections of I to a set of n + 1 sections {So, . . . , S n } of C 
over A? | a/ — > AA The locus 

C : = {t G A* 1 5o | Af t j ■ • • ) &n\xi simultaneously vanish at some point of X t } 

is a closed subset of A^ which does not contain 0. So for t G A? in a neigh- 
bourhood of zero, the sections So\x t , • • • , S n \x t generate the fibres of Ct- 
We have proved that 

& : At -» P n 

is a morphism, and it is therefore a Lagrangian fibration by the results of Mat- 
sushita (and Huybrechts) cited in the introduction. □ 
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4 Fibrations with sections 

We will use the following result (note that in Voisin's paper X is the Lagrangian 
submanifold of Y). 

Theorem 5 (Voisin [16j) Let X be a holomorphic symplectic manifold and 
g : Y X a Lagrangian submanifold. Let g* be the composition 

g* o (tp t ® C) : H 2 (A- t ,C) -» H 2 (r,C) 

where ipt is a marking of X t . Then the inclusion Y > X deforms to a La- 
grangian submanifold y t — * X t if and only if ' g*{(Jt) = 0. 

We can rephrase this as follows. Let Ly C H 2 (X, C) be the orthogonal 
complement of kerg* with respect to the Beauville-Bogomolov quadratic form 
qx- Since H 2 '°(X) C kerg* and Ly can be defined over Q, Ly must be of type 
(1, 1). Then Y <—* X deforms to y t — > X t if and only if Ly is preserved under 
the deformation, i. e. if and only if 

t e A := {t e Def^l^r 1 ^) € H 2 (A- t ,C) is of type (1,1)}. 

We wish to look at deformations of a Lagrangian fibration / : X — > B 
which admits a section s. Note that the existence of the section implies that 
B = P™ 0. However, we will keep the projectivity of X as a hypothesis. Let Y 
denote the image of s, and g : Y X the inclusion. Since Y is isomorphic to 
B = P™ , it must be holomorphic Lagrangian, as 

a\ Y eH°(r,fi 2 ) =H 2 '°(P") = 0. 

Theorem 6 Let X be an irreducible projective holomorphic symplectic mani- 
fold which admits a Lagrangian fibration f : X —> B and a global section s. 
There is a codimension two submanifold A^ s C Def(X) (containing zero) which 
parametrizes holomorphic symplectic manifolds X' which admit Lagrangian fi- 
brations and global sections. 

Proof Firstly, the existence of the section implies B = P", and so by Theorem^] 
there exists a codimension one family C Def(X) over which the fibration 
deforms. 

By Theorem we also have 

A s := {t e DcfpqiT/V 1 (L y ) G H 2 (A" t ,C) is of type (1,1)} 

over which the Lagrangian submanifold Y ► X deforms. Now A s maps iso- 
morphically to a neighbourhood of [ex] in 

Qx ■= {H G Qx\qx{a,L Y ) = 0} = {[a] e Q x \a 6 kerg*}. 

Since Y = P n , H 2 (Y,C) and Ly are one-dimensional, so Q s x and A s are codi- 
mension one in Qx and T)ef(X) respectively. 
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Let Af s := A-' nA s . It maps isomorphically to a neighbourhood of [a] in 

Qx ■= Qx n Qx = {["] G Qxkx(a,ci) = and a G kerg*}. 

Observe that L :— f*0(l) must satisfy 

Ci(L)™ +1 = e H 2ll+2 pf,Z), 

which implies qx{ci) = (see [7]) and thus [ci] G Q^. On the other hand 

g*(c 1 ) = c 1 (O(l))^0, 

so ci kerg* and [ci] g" Q^. This sufhces to show that Q x and Q s x intersect 
transversely, and thus QJ and A^ s are codimension two in Qx and Def(X) 
respectively. 

Finally observe that if t £ A^ s then X t is a Lagrangian fibration over P n 
and it contains a deformation 3^ of Y . By specialization, is a section of the 
fibration. More precisely, the set of values t for which 3^ maps isomorphically 
to P n is open in A^ s and contains zero. This completes the proof. □ 

Example Let S be a K3 surface which contains a smooth genus g curve C, 
g > 2, such that PicS" is generated by [C]. Let C -> \C\ = P 9 be the family of 
curves linearly equivalent to C. Then the compactified Jacobian 

J° := Ja^°(C/P 9 ) 

is a deformation of the Hilbert scheme of g points on S 1 Moreover, J° is 
a Lagrangian fibration over P 9 which admits a section. Observe that we can 
deform 5 in a 19-dimensional family, while keeping the genus g curve: these 
produce deformations of J° keeping the Lagrangian fibration and section. On 
the other hand, the space of deformations of the Hilbert scheme of points on 5 
is 21-dimensional. This is in agreement with Theorem El 

We find similar agreement for Lagrangian fibrations which are deformations 
of the generalized Kummer varieties (see Debarre 0], or the author's paper |13|L 

Remark Let / : X — > B be a Lagrangian fibration. If the fibres of X are all 
reduced and irreducible then there exists the (Altman-Kleiman) compactified 
relative Picard scheme 

P :=Pic(X/B). 
If the fibres of P are reduced and irreducible we also have 

X Q :=Fk(P/B). 

Both P and X° admit global sections. Let U and U° denote the open subsets 
of X and X°, respectively, given by removing all singular fibres; then U is a 
torsor over U°. In fact in cases where the singular fibres of X are not too 
complicated, X itself is a torsor over X°; moreover P and X° are holomorphic 
symplectic manifolds (see ^Hl)- I n d] it was shown that torsors X over X° 
are parametrized by the one-dimensional space H 2 (P, O* ) of gerbes on P, with 
X° being the unique fibration which admits a global section. This agrees with 
Theorem 0] and Theorem which together imply that fibrations which admit 
sections must be codimension one inside the family of all fibrations. 
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